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We treat the fluctuations of non-Abelian gauge fields around a classical configuration by means 
of a transformation from the Yang-Mills gauge field to a homogeneously transforming field variable. 
We use the formalism to compute the effective action induced by these fluctuations in a static 
background without Wu-Yang ambiguity. 
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The response of quanta to classical gauge fields is a fun- 
damental issue of continuing phenomenological and the- 
oretical interest in Abelian and non-Abelian field theo- 
ries. The canonical example is the production of electron- 
positron pairs in strong photon fields [l| which among 
other effects is about to be tested with ultra strong light 
sources • It is one thing if the aforementioned quanta 
are matter particles like fermions or scalars and another if 
they are fluctuations of the gauge field around its expec- 
tation value: As the entire gauge field does not transform 
homogeneously under gauge transformations, at variance 
with the matter fields, keeping track of gauge invari- 
ance when handling the fluctuations has an extra twist 
to it. At leading order this is only important for self- 
interacting, i.e., non-Abelian fields. One way is to use 
the Faddeev-Popov approach, especially in conjunction 
with the background field method @. Here we will use 
another approach based on a transformation from the 
vector gauge field A^ to an antisymmetric tensor variable 
Z?" , passing via a first-order formulation. trans- 
forms homogeneously under gauge transformations. We 
derive the general formalism and then compute the ef- 
fective Lagrangian for an example. Before we delve into 
the non-Abelian case we first take a look at the Abelian, 
where B^ v is even gauge invariant. 



changed in that step. The terms in the second expo- 
nential describe single-photon exchange and couple the 
fermions to the background. The stationarity condition 
for ip yields the Dirac equation for tp in the background 
A.^, (ip — m)ip = 0, where stands for the covariant 
derivative on A^. The latter is the solution of the sta- 
tionarity condition for in the action in Eq. ([!]), 



gip-f u ip, 



(3) 



where is the field tensor on the classical solution. 

We replace the gauge field by an antisymmetric tensor 
field B^ v . This is achieved by multiplying Eq. {1} by a 
Gaussian integral over , followed by a shift of B^ v by 
the dual field tensor F^ v = ^ ukX F kX , 

Z = J [dA] [dB] [#] [dtp] exp{iJd i x[-\B f , u B fl " - 

-^B^F^ + ^ip-m^-A^}}. (4) 

Postulating the gauge invariance of the BF term requires 
a gauge invariant B^ v . The stationarity conditions for A^ 
and B^y, 



= J v -g^ v ip and B^ 



(5) 



X 



Abelian. The partition function of quantum electrody- 
namics coupled to an external source J M is given by, 



[dA] [#] [#] exp{i / d 4 x[-\F^F^ 



+i,(ip-m)ip-A IM J»}}, 



(1) 



where F M „ = d^A v — d u A^ represents the field tensor, A^ 
the gauge field, = — igA^ the covariant derivative, 
g the coupling constant, m the fermion mass, and ip/ip 
the fermion fields. Integrating out A^ leads to, 



Z = I [dip] [dip] exp{i J d 4 x[ip(i $ — m)ip}} x 



x exp{? / d 4 xd 4 y[~\{gTp^^tp - J„)(a;) x 
xT^(x-y)(g^-J u )(y)}}, 



(2) 



where T ftv (x — y) stands for the photon propagator in 
some gauge. = indicates that the normalisation was 



combine into Eq. ([3]) , where B^ is the classical value of 
£? M „. Integrating out A^ in Eq. (g]) yields, 



Z 



[dB][diP][dip]8{d tl B> 11 ' - J u + gip~i v ip) x 



x ex P {i / d^xl-lB^B^ + tp(i^~ m)ip]}, (6) 



which required no gauge fixing and yields a local result. 
The first of Eqs. ([5]) is now strictly enforced; it does not 
merely give the most probable configuration, but the only 
allowed configuration. This constraint can be used to 
eliminate B^ v from the partition function, such that 



T3 _ 1, 



dSS K {x-y){J x -g^){yl (7) 



ip K p 2 with an ap- 



where in momentum space S K (p) 
propriate pole prescription. Replacing £> M „ in the ex- 
ponent of Eq. © by Eq. ® leads to Eq. © with 
transverse which corresponds to Landau gauge. 
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The (5 constraint in Eq. ([6]) eliminated B^, resulting 
in a theory of interacting fermions, reproducing Eq. ([2]), 
but without fixing a gauge. 



Non-Abelian. Consider the generating functional for a 
Yang-Mills field A® coupled to an external source J°, 



Z = J [dA] eM^JdH-jF^F aflv - A^ 



)], (8) 



where F£ u = d^A* - d u A° + g! ahc A\A c v stands for the 
field tensor, g for the coupling constant, and f abc for 
the antisymmetric structure constant of the gauge group. 
The corresponding classical equations of motion read, 



q^ab j^bfiu jau 



ab 



where X>" & represents the covariant derivative D 
S ab d^ + gf^A^ and J* y the field tensor F£ v both on 
the classical solution At for the gauge field. We will now 
split the gauge field according to A® = A't + a°, and in- 
troduce an antisymmetric tensor field in the same way as 
in the previous section. Doing so yields Z in the so-called 
first-order formalism 

Z £* J [da][dB] exp^fd^-^B^ - 

-\Bl v F a » v -^J"")]. (10) 

A homogeneously transforming B„ v -> UB^W, leads 
to a gauge invariant action, for J° = 0. Integrating out 



a° we find, 



Z= {dB]Dct~2Bexp{ifd 4 x[ 



(11) 



where B bc „ = gB a } abc and 



Det-fB S y[dC]exphi/d 4 x(C^B^C b,y )]. (12) 

With the decomposition £?°„ = — T't u and making 
use of Eq. ([9]), we obtain, 

Z = Z /[d&]Det~^(b + F)exp(i/d 4 x{-i6" 6 a ^ + 



+ l (I? ac^ )[(b + F) -l]a6 (IjMft^)}), (13) 

where Z = exp[i/d 4 x(-i^JC" a ^ _ ^« jgm)], fcbc = 

<7&^/ abc , and = 9^J abc . 

Carrying out a gauge transformation U of the back- 
ground J M — > {/ J At t/' i ' leads to 2? M — > UV^W and — » 
UT^vU^ . The gauge transformations {/ which then ap- 
pear in Z can be removed by the same unitary transfor- 
mation of the integration variable & M „ — ► Ub^ v U^ . Con- 
sistently, T^ v + b^ v = B^ v — > UB fJ/U U' f . Z is unaffected. 
Let us call these type IB gauge transformations. 



The generating functional is invariant as long as the 
total B^ v = b^ u — transforms homogeneously. This 
remains true especially for what one could call a type 
IIB transformation, where the background is left invari- 
ant and the fluctuation field accounts for the entire trans- 
formation, bfj, v — > U(b^ u — T^ iv )l]^ + T^ v . After such a 
transformation, however, the transformed 6" field is in 
general not a pure fluctuation field anymore; it obtains 
an expectation value —UJ-^U^ + T^ v . A redecomposi- 
tion into a true expectation value and true fluctuations 
would reverse this transformation. 

In the background field method 0, HI , the gauge fixing 
term reads — (X>^ fc a bAt )(£>" c a CI/ )/(2£) and is gauge invari 

ant under type IA gauge transformations, 2? M 



and 



UV^W 



Ua^U^ . Likewise, type IIA transformations 



(9) leave the background A a u invariant and a M — > UD^U^ 



2? M . Again here, aJJ after the latter transformation has, 
in general, an expectation value and is consequently not 
a pure fluctuation field anymore. The aforementioned re- 
decomposition would undo the type IIA transformation. 

In both cases the actions are manifestly gauge invariant 
under type I gauge transformations. Type II transfor- 
mations necessitate a redecomposition into expectation 
value and fluctuations. In any case taking the contribu- 
tion to a quantity from the background and the fluctua- 
tion field together admits finding a result invariant under 
both types of gauge transformations. A main difference 
of the -B" with respect to the A a ^ field description is the 
absence of an explicit gauge fixing term and consequently 
of ghost terms in the former. 

The stationarity condition is derived by variation with 
respect to b^p, 



= -b ea[i - V a K e e al3Kt *[(h + wy^iVfb^) 



-111/ fe/s,a/3p(T 



x[(b + F)- 1 ]f l/ (P^ d 6 A ^ 



(14) 



[The determinant term does not contribute at this level 
as varying with respect to C bi/ implies C aM (t> + F)^ b = 0.] 
Only if it has the solution b a ^ v = can b a ^ v be treated as 
pure fluctuation. Otherwise, the appropriate expansion 
point, i.e., the correct vacuum, has to be determined by 
finding the solution of the previous equation. Remark- 
ably, in that case, the expansion point would be different 
from !F?lv) the one in the vector field formulation of Yang- 
Mills theory. Situations where det F = 0, are problem- 
atic in this respect because there Eq. (fl4|) is ill-defined 



at b^v = 0. Among the settings belonging to this group 
is the trivial, i.e., background field free case. In this 
context this coincides with the observation that the zero 
field vacuum in Yang-Mills theories is unstable One 
may wonder, how the standard high-energy perturbative 
treatment comes about in the present formalism. There, 
at least initially, Yang-Mills theory looks almost Abelian. 
Here, for g — ► (and without background) the Gaussian 
made up by the last term in the generating functional 
pip goes to a 5 distribution and imposes several colour 
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copies of the Maxwell equation as seen in the previous 
section in the Abelian case. [?J 

There are also nonzero configurations with detF = 0: 
F is in the adoint representation. Hence, each Lorentz 
component alone has zero eigenvalues. Therefore, to have 
det F ^ one needs several Lorentz components whose 
eigenvectors belonging to the zero eigenvalues are mis- 
aligned. Thus field configurations with a single Lorentz 
component have necessarily detF = 0. Among these are 
Coulomb fields, also those boosted onto the light cone. 
Their application to the description of the initial condi- 
tion of heavy-ion collisions gives rise to instabilities B . 

The customary generalisation of effective actions [l| in 
the presence of constant external field tensors to the non- 
Abelian case Q proceeds via covariantly constant fields, 
T^x^uv = V A, /i, v. They are effectively quasi- Abelian 
and lead to a result analogous to the Abelian. They also 
have det F = 0. This condition is also a necessary con- 
dition for a Wu-Yang ambiguity [l(| to appear in four 
dimensions [HI . A Wu-Yang ambiguous field tensor can 
be realised by different gauge field configurations which 
are not gauge equivalent. This implies that in such cases 
not all information about the system or its background 
is contained in the field tensor. The covariant derivative 
contains more information than its commutator. Thus, 

i/2 

one can also understand why the factor Det ' B ap- 
pears as Jacobian in the measure when translating the 
Yang-Mills generating functional Z from a vector to an 
antisymmetric tensor field representation 0, [12] : B^ v is 
the conjugate of Tt v . Where the field tensor does not 
allow to reconstruct the system uniquely, but the vec- 
tor potential would, the Jacobian becomes singular. One 
particular quantity which differs for gauge inequivalent 
gauge field realisations for the same field tensor is the 
Yang-Mills current J°. In our case the full information 
about the system is communicated from the to the 
Bfiu representation through said J£ and the (classical) 
covariant derivative V ab . [See Eq. (fTTj) .] A further con- 
clusions [HI is that in the presence of a Wu-Yang am- 
biguous background not all observables can be expressed 
in terms of invariants [14j constructed merely from T^ v . 



yields, 



[cLEpet^EexpJ/d 3 



1 zpa rpa 



1 rpa *pa 

2 fiV J ~iiv 



A a J a 



(15) 



+i(2>r% - J^M-XA^xEt - 4)}}, 

where = gE^e abc . The decomposition E* v = e£„ 
Fjl v gives, 



Z = Z / [rfe]Dct _ 2((B + F)exp(/d 3 x{-ie 



Thus, in momentum space, for a constant background 
the fluctuation operator for & a reads, 

(G- 1 )^ = 8 hd 8 a(i - (5 ab p K + ige a f b A f K )e aKfl x 

x(W-% c u (5 cd p x + ige ced Al)e uXI3 . (17) 

Based on it we would like to calculate the effective La- 
grangian, 



£« = - lim 

2 e^O 



d 3 P , , FG~ 1 (p) 

In det , — - V , . (18) 



(27T) 



( £ 2 F)G £ ->) 



It is normalised with respect to the free part which is 
obtained from the expression in the full background field 
by the rescaling At i— > eA^ and taking e to zero at the 
end. The factors of F stem from the integration. 

For tractability we specialise to A\ — A\ = A\ = A 
and zero otherwise, corresponding to J-\ 2 = = ^31 = 
gAA = T and J\ = Jf = Jf = -2g 2 AAA. We find for 
the determinant, 

det(G- 1 G £ /e 2 ) = e^V + |2.g^| 2 )(p 4 + \2ge 2 T\ 2 )-\ 
For D- 1 ' this leads to, 



lim 

£— 



d\p\\p\ 2 ( ln \p\ A +\W 2 lngl Q 



(2tt)* 



\P\ 4 



(19) 



Let us take a look at an example where the classical 
field has det F / for which we would like to calcu- 
late the effective action induced by the fluctuations. For 
tractability we choose a three-dimensional Euclidean sys- 
tem with an SU(2) gauge group. We start out with a 
generating functional coupled to an external source just 
like at the beginning of this section, separate off the fluc- 
tuations of the vector gauge field around the background, 
and translate into a representation based on the variables 
E^, the three-dimensional analogue of . As counter- 
part to Eq. pTJj) we find, 



where E^ v — ie Kflv E%. Integrating out the fluctuations 



The integral is IR finite and UV divergent (the last term). 
After removing the divergent part (and taking the now 
trivial e — > limit), evaluates to, 



= \gT\2/(3n). 



(20) 



The T dependent prefactor has its origin in the covari- 
ant derivative and the momentum integral. When rescal- 
ing every momentum by \gJ-\ x ^ 2 the measure picks up a 
factor of |g.F| d / 2 in d dimensions. The remaining integral 
is field independent. In four dimensions this amounts to a 
factor ~ g^T^T^. Thus, a divergent contribution from 
the integral can be handled by renormalisation. The fac- 
tor of |(7JF| d / 2 is known from the strong field/massless 
limit of Abelian effective actions induced by scalars or 
fermions in constant fields Hal. 



4 



In conclusion, we have analysed fluctuations of gauge 
field around a classical configuration by means of a trans- 
formation from the inhomogeneously transforming vector 
gauge field to a homogeneously transforming antisym- 
metric tensor field. In the Abelian case this procedure 
yields the same result as if one integrated out in Lan- 
dau gauge, with the difference that no gauge is specified. 

For non-Abelian fields the fluctuation analysis pro- 
ceeds also without the introduction of a gauge or ghosts. 
It leads to the ~ \gj r \ d ^ 2 behaviour of the effective action 
in d dimensions. We checked this explicitly for a static 
background without Wu-Yang ambiguity. For four di- 
mensions this indicates a dependence ~ g 2 T^ l/ T atlL ' per- 
mitting the treatment of infinite contributions by renor- 



malisation. 

Additionally, in the field formulation, the criterion 
det F = marks background fields which give rise to 
instabilites, e.g., no field or a Coulomb field, which links 
them to Wu-Yang ambiguities. 

It would be interesting to recast the present approach 
in the framework of the worldlinc formalism 1161. 



The author would like to acknowledge discussions 
with G. Dietrich, F. Sannino, K. Socha, M. Svensson, 
A. Swann, and U. I. S0ndergaard. The author's work 
was supported by the Danish Natural Science Research 
Council. 



[1] F. Sauter, Z. Phys. 69 (1931) 742; W. Heisenberg 

and H. Euler, Z. Phys. 98 (1936) 714; V. Weisskopf, [9] 
Kgl. Danske Videnskab. Selskabs. Mat.-fys. Medd. 14 
No. 6 (1936); J. Schwinger, Phys. R ev. 82 (1951) 664; 
G. V. Dun ne, |arXiv:hep-th/0406216| 

[2] H. Gies, [arXiv:0812 06681 [hep-ph]; G. V. Dunne, 
larXiv:0812. 31631 [hep-th]. 

[3] B. S. DeWitt, Phys. Rev. 162 (1967) 1195; G. 't Hooft, 
Nucl. Phys. B 62 (1973) 444; B. W. Lee and J. Zinn- 
Justin, Phys. Rev. D 7 (1973) 1049; H. Kluberg-Stern 
and J. B. Zuber, Phys. Rev. D 12 (1975) 482; L. F. Ab- 
bott, Nucl. Phys. B 185 (1981) 189. 

[4] S. Deser and C. Teitelboim, Phys. Rev. D 13 (1976) 1592. 

[5] D. D. Dietrich, Phy s. Rev. D 68 (2003) 105005 
[arXiv:hep -th/0302229 ; Phys. Rev. D 70 (2004) 105009 
arXiv:hep-th/0402026 ; Phys. Rev. D 71 (2005) 045005 [10] 
arXiv:hep-ph/0411245| ; Phys. Rev. D 74 (2006) 085003 [11] 
arXiv:hep-th/0512026|; G. C. Nayak, D. D. Dietrich 
and W. Greiner, |arXiv:hep-ph/0104030| D. D. Dietrich 
G. C. Nayak and W. Greiner, |arXiv:hep-ph/000"9178| 
Phys. Rev. D 64 (2001) 074006 |arXiv:hep- th/0007139 . [12] 

[6] N. K. Nielsen and P. Olesen, Nucl. Phys. B 144 (1978) 
376; M. Schaden, H. Reinhardt, P. A. Amundsen and 
M. J. Lavelle, Nucl. Phys. B 339 (1990) 595; H. Rein- 
hardt, K. Langfeld a nd L. von Smek al, Phys. Lett. B 300 [13] 
(1993) 111 [arXiv:hep-ph/9301227l . [14] 

[7] However, even pure gauge backgrounds and ensem- 
bles of them do lead to nontrivial effects: P. Hoyer 
and S. Peign e, |arXiv:hep-p h/0304010 JHEP 0412 
(2004) 051 [arXiv:hep-p h/0410235 ; D. D. Dietrich [15] 
and S. Hofmann, Ph ys. Lett. B 632 (2006) 439 
[arXiv:hep-ph/0506210|; D. D. Dietrich, Phys. Rev. D [16] 
74 (2006) 065023 |arXiv:hep-ph/0507112] ; D. D. Diet- 
rich, P. Hoy er, M. Jarvinen and S. Peigne, JHEP 0703 
(2007) 105 [arXiv:hep-ph/0608075] . D. D. Dietrich and 
D. H. Rischke, Prog. P art. Nucl. Phys. 53 (2004) 305 
[arXiv:nucl-th/0312044] . 

[8] P. Romatschke and R. Venugopalan, Phys. Rev. Lett. 96 
(2006) 062302 arXiv:hep-ph/0510121 ; Phys. Rev. D 74 
(2006) 045011 [arXiv:hep ph/0605045| . K. Fukushima, 
F. G elis and L. McLerran Nucl. Phys. A 786 (2007) 
107 [arXiv:hep-ph/0610416| ; H. Fujii and K. Ita kura, 
Nucl. Phys. A 809 (2008) 88 [arXiv:0803.0410l [hep- 
ph]]; A. Iwazaki. la7Xiv:0803.0188l [hep-ph]; Prog. Theor. 
Phys. Suppl. 174 (2008) 242; H. Fujii, K. Itakura and 



A. Iwazaki, arXiv:0903.2930 [hep-ph]. 
M. R. Brown and M. J. Duff, Phys. Rev. D 11 (1975) 
2124; M. J. Duff and M. Ramon-Medrano, Phys. Rev. 
D 12 (1975) 3357; I. A. Batalin, S. G. Matinyan and 
G. K. Savvidy, Sov. J. Nucl. Phys. 26 (1977) 214 [Yad. 
Fiz. 26 (1977) 407]; G. K. Savvidy, Phys. Lett. B 

71 (1977) 133; S. G. Matinyan and G. K. Savvidy, 
Nucl. Phys. B 134 (1978) 539; G. C. Nayak and 
P. van Nieuwenhuizen Phys. Rev. D 71 (2005) 125001 
[arXiv:hep-ph/0504070l; G. C. Nayak, P hys. Rev. D 

72 (2005) 125010 arXiv:hep-ph/05 10052 ; F. Cooper 



and G. C. Nayak, Phys. Rev. D 73 (2006) 065005 
arXiv:hep-ph /051 1053] ; F. Cooper, J. F. Dawson 
and B. Mihaila Phys. Rev. D 78 (2008) 117901 
[arXiv:0811. 39051 [hep-ph]] . 

T. T. Wu and C. N. Yang, Phys. Rev. D 12 (1975) 3843. 
S. Deser and F. Wilczek, Phys. Lett. B 65 (1976) 391; 
R. Roskies, Phys. Rev. D 15 (1977) 1731; M. Calvo, 
Phys. Rev. D 15 (1977) 1733; S. R. Coleman, Phys. Lett. 
B 70 (1977) 59. 

See also, M. B. Halpern, Nucl. Phys. B 139 (1978) 
477; D. Z. Free dman and R. R. Khur i, Phys. Lett. B 
329 (1 994) 263 [arXiv:hep-th/9403031|; D . D. Dietrich, 
larXiv:0704.1828l [hep-th]; larXiv:0804.09041 [hep-th] . 
D. D. Dietrich, arXiv:0903:2293. 

R. Roskies, Phys. Rev. D 15 (1977) 1722; J. Anandan 
and R. Roskies, Phys. Rev. D 18 (1978) 1152; J. Math. 
Phys. 19 (1978) 2614; G. C. Nayak and R. S hrock, Phys. 
Rev. D 77 (2008) 045008 [arXiv:0711. 27591 [hep-th]]. 
S. K. Blau, M. Visser and A. Wipf, Int. J. Mod. Phys. A 
6 (1991) 5409. 

M. J. Strassler, Nuc l. Phys. B 385 (1992) 145 
[arXiv:hep-ph/9205205|; C. Schubert , Phys. Rept. 
355 (2001) 73 |arXiv:hep-th/0101036] ; H. Gies and 
K. Kli ngmulle r, Phys . Rev. D 72 (2005) 065001 
|arXiv:hep-ph/0505099j ; G. V. Dunne and C. Schubert , 
Phys. Rev. D 72 (2005) 105004 [arXiv:hep-th/0507174] ; 
G. V. Dunne, Q. h. Wang, H. Gies and C. Schubert, 
Phys. Rev. D 73 (2006) 065028 [arXiv:hep-th/0602176] ; 
D. D. Dietrich and G. V. Dunne, J. Phys. A 40 (2007) 
F825 [arXiv:0706.4006l [hep-th]]; G. V. Dunne, J. Phys. 
A 41 (2008) 164 041; J. M. Pa wlowski, M. G. Schmidt 
and J. H. Zhang. [arXiv:0812.0 008 [hep-th]. 



